On the role of effective representations of Lie groupoids by Trentinaglia, Giorgio
ar
X
iv
:0
90
3.
54
22
v1
  [
ma
th.
RT
]  
31
 M
ar 
20
09
On the role of
Eetive representations of Lie groupoids
∗
Giorgio Trentinaglia
†
Department of Mathematis, Utreht University, The Netherlands
Abstrat
In this paper, we undertake the study of the Tannaka duality onstru-
tion for the ordinary representations of a proper Lie groupoid on vetor
bundles. We show that for eah proper Lie groupoid G, the anonial
homomorphism of G into the reonstruted groupoid T (G) is surjetive,
althoughontrary to what happens in the ase of groupsit may fail
to be an isomorphism. We obtain neessary and suient onditions in
order that G may be isomorphi to T (G) and, more generally, in order
that T (G) may be a Lie groupoid. We show that if T (G) is a Lie group-
oid, the anonial homomorphism G → T (G) is a submersion and the two
groupoids have isomorphi ategories of representations.
Introdution
Although Lie groupoids have been intensively studied in the past deades [6,
13, 5, 10℄, a satisfatory understanding of their representation theory has not
yet been ahieved. Notoriously, there are a few fundamental dierenes between
the lassial representation theory of Lie groups and its groupoid ounterpart,
whih make it hard to generalize the standard results of the former theory to the
latter [22, 2℄. In order to overome these diulties, various alternative notions
of representation have been proposed reently for Lie groupoids [22, 1℄, eah
of whih enables one to attain some spei purpose. Still, in some ases, for
example in onnetion with the study of the presentation problem for ineetive
orbifolds [18, 11℄, one is by neessity led bak into the theory of ordinary rep-
resentations of Lie groupoids on smooth vetor bundles. Very little was known
about suh representations in general, so far, besides the fat that there are
serious diulties inherent in their onstrution. (There is no analogue of the
PeterWeyl theorem for them.) In this paper, we begin to remedy this situation
by working out the ounterpart of the lassial duality theory of Tannaka [21, 4℄
in the setting of ordinary representations of Lie groupoids on vetor bundles,
for proper Lie groupoids.
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The lassial duality theory of Tannaka addresses the problem of reovering
a topologial group from its representation ring. In modern terms, this theory
an be outlined as follows [12℄. For any suh group G, the self-onjugate tensor
preserving natural endomorphisms of the forgetful funtor
(1) FG : Rep(G) −−−→ Vec, (V, ρ) 7→ V
form a group T (G); here Rep(G) stands for the ategory of ontinuous, nite
dimensional omplex G-modules and equivariant linear maps between them,
and Vec stands for the ategory of nite dimensional omplex vetor spaes; a
natural endomorphism λ ∈ End(FG) is said to be tensor preserving if λ(C) =
identity and λ(R ⊗ R′) = λ(R)⊗ λ(R′) for all objets R, R′ of Rep(G); self-
onjugate, if λ
(
R
)
= λ(R) for all R. One endows T (G) with the smallest
topology whih makes all the evaluation maps λ 7→ λ(R) ontinuous. There is
a ontinuous group homomorphism πG from G into T (G), dened by setting
πG(g)(R) = ρ(g) for all R = (V, ρ) and all g ∈ G. The fundamental duality
theorem of Tannaka states that πG is an isomorphism of topologial groups
whenever the group G is ompat Hausdor.
The same onstrution an be arried out for a general Lie groupoid G, if one
onsiders the groupoid analogue of the forgetful funtor (1), namely, the funtor
FG from the ategory Rep(G) of representations of G on vetor bundles into the
ategory Vec(M) of omplex vetor bundles over the base M of G whih sends
(E, ̺) 7→ E. (The preise details of this onstrution an be found in Setion
1 below.) One gets a topologial groupoid T (G) over M , whih we shall all
the Tannakian bidual of the groupoid G, and a homomorphism of topologial
groupoids πG : G → T (G) whih indues the identity map on the base. It is
then natural to ask oneself whether the above-mentioned duality theorem arries
over to proper groupoids (these are the analogue of ompat Hausdor groups
in the realm of groupoids). It turns out that this annot be the ase; a standard
example, learly illustrating why, shall be disussed in the seond setion of this
paper.
Despite the lak of a Tannaka duality theorem, we ontend that one an
still work out, for proper Lie groupoids, a rih and interesting duality theory.
In the present paper, we lay down the general framework for this new theory
and prove its main theorems. The reasons why we restrit our attention to
proper Lie groupoids are tehnial, and will beome apparent in the ourse of
our exposition.
We proeed to summarize our main ontributions:
Theorem 2.5. For any proper Lie groupoid G, the anonial homomorphism
πG : G → T (G) is full, i.e., surjetive.
• We observe that the Tannakian bidual T (G) of any Lie groupoid G an
be equipped with a natural smooth struture ompatible with its topologial
groupoid struture, although there is no a priori evidene that this smooth
struture will make T (G) into a Lie groupoid. Apart from this, the anonial
homomorphism πG : G → T (G) is shown to be always smooth. (The preise
denitions are given in Setion 1.) The presene of a god-given smooth stru-
ture allows one to assign denite meaning to the question of whether T (G) is
a Lie groupoid and of whether πG is an isomorphism of Lie groupoids.
• We say that a Lie groupoid G is reexive if the orresponding anonial
homomorphism πG is an isomorphism of smooth groupoids. Then we prove
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Theorem 2.9. A proper Lie groupoid G is reexive if, and only if, for eah
base point x there is a representation ̺ : G → GL(E) suh that the kernel of the
indued isotropy homomorphism ̺x : Gx → GL(Ex) is trivial.
• One says that an isotropi arrow g ∈ Gx is ineetive if the ation of g
on the normal spae to the G-orbit at x is trivial. (See Setion 4.) We have
the following haraterization of proper Lie groupoids whose bidual is a Lie
groupoid (note the formal analogy with the preeding statement):
Theorem 4.10. For a proper Lie groupoid G, the following ondition is a
neessary and also a suient one in order that the bidual T (G) may be a Lie
groupoid: for eah base point x, there is a representation ̺ : G → GL(E) suh
that the kernel of the orresponding isotropy homomorphism ̺x : Gx → GL(Ex)
is ineetive, i.e., sits inside the ineetive subgroup of Gx.
We shall say, of a representation like the one in the previous statement,
that it is eetive at x. We an rephrase the last theorem by saying that the
Tannakian bidual of a proper Lie groupoid G is a Lie groupoid if, and only if,
G has enough eetive representations. The title of the paper refers preisely to
this result, whih is essentially new to [22℄.
Aknowledgements
I would like to thank I. Moerdijk for suggesting the original researh problem
and for several useful onversations and omments in the early stages of the
present work. I am also indebted to M. Craini for disussions onerning Haar
systems and to N. T. Zung for lariations about his linearizability result.
Contents
1 The Tannakian bidual of a Lie groupoid . . . . . . . . . . . . . . . . . 3
2 The anonial homomorphism . . . . . . . . . . . . . . . . . . . . . . . 10
3 Representative harts . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
4 Main riterion for the smoothness of the bidual . . . . . . . . . . . . . 24
1 The Tannakian bidual of a Lie groupoid
We begin this setion by introduing some terminologial and notational on-
ventions that will be in fore throughout the rest of the paper. Some useful
referenes in this onnetion are the standard books on Lie groupoids [20, 16℄
and the book by Bredon [3℄. We then proeed to explain the onstrution of
the Tannakian bidual of a Lie groupoid. In partiular, we disuss the assoi-
ated C∞-groupoid struture and prove its basi properties. We onlude with
a rapid review of homomorphisms and Morita equivalenes.
Roughly speaking, a Lie groupoid is an internal groupoid in the ategory of
manifolds of lass C∞ (reall that the term groupoid indiates a small ategory
all morphisms of whih are invertible). Thus, a Lie groupoid G is given by a
pair of suh manifolds, G(0) (the manifold of objets) and G(1) (the manifold of
arrows), a pair of smooth maps (s, t) : G(1) → G(0) × G(0) (whih are respetively
alled soure and target) suh that the bred produt G(1) s×t G
(1)
exists in the
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ategory of C∞-manifolds, and a smooth omposition law G(1) s×t G
(1) → G(1)
subjet to ertain requirements. In the rst plae, there is the requirement that
these data should dene a ategory, more preisely, a groupoid. One thereby
obtains two uniquely determined maps, the unit G(0) → G(1) and the inverse
G(1) → G(1), on whih, then, one imposes further smoothness onditions. More-
over [20℄, one requires the soure map s : G(1) → G(0) to be a submersion with
Hausdor bres and the manifold of objets G(0) to be paraompat (that is,
Hausdor and seond ountable; fr. [14℄).
Let G =
(
G(0),G(1), s, t, . . .
)
be a Lie groupoid. The manifold G(0) is usually
alled the base, and its points, the base points, of the groupoid G. We shall
write G in plae of G(1), as this is not likely to ause any onfusion. For eah
arrow g ∈ G, the base points s(g) and t(g) are resp. alled the soure and the
target of g. We shall not distinguish notationally between a base point and the
orresponding unit arrow. We shall adopt the abbreviations
(2) G(S, S′) :=
{
g ∈ G : s(g) ∈ S & t(g) ∈ S′
}
, GS := G(S, S),
and GS := G(S, -) := G
(
S,G(0)
)
= s−1(S) for all subsets S, S′ ⊂ G(0). When
S = {x} and S′ = {x′} are singletons, we further abbreviate the respetive
instanes of (2) into G(x, x′), Gx and G
x
. One refers to Gx as the isotropy group
of G at x. This is in fat a Lie group, embedded into G as a losed submanifold.
1.1 Fundamental example Any vetor bundle E of lass C∞ (real or
omplex, of globally onstant rank) over a smooth manifold M determines a
Lie groupoid GL(E) with base M , alled the linear groupoid assoiated with E.
The arrows ∈ GL(E)(x, x′) are the linear isomorphisms Ex
∼
→ Ex′ between the
orresponding bres of the vetor bundle E.
A homomorphism of Lie groupoids φ : G → H is dened to be a smooth
funtor φ(0) : G(0) → H(0), φ(1) : G(1) → H(1).
1.2 Denition Let G be a Lie groupoid, and let E be a vetor bundle over
G(0). By a representation of G on E, we mean a Lie groupoid homomorphism
̺ : G → GL(E) that indues the identity on the base. Thus, a representation
̺ assigns eah arrow g ∈ G(x, x′) a linear isomorphism ̺(g) : Ex
∼
→ Ex′ in a
smooth and funtorial way. More pedantially, we shall think of representations
as pairs (E, ̺) formed by a vetor bundle E and a homomorphism ̺ as above.
We regard the notions to be disussed next in 1.3 and 1.4 as standard.
No attempts to make omparisons with the literature shall be made here, nor
laims to originality. In any ase, we are not interested in developing a general
theory. This said, we are entitled to use these notions freely for our purposes.
1.3 C∞-Spaes Reall that a funtionally strutured spae is a topologial
spae X endowed with a sheaf FX of real algebras of ontinuous real valued
funtions on X (funtional struture). A smooth mapping from a funtionally
strutured spae (X,FX) into another suh spae (Y,FY ) is a ontinuous map-
ping f : X → Y suh that α ◦ f ∈ FX(f
−1(V )) for every open subset V ⊂ Y
and every funtion α ∈ FY (V ). (Compare [3℄, p. 297.)
Let F be a given funtional struture on a topologial spae X . We shall
let F∞ denote the sheaf of ontinuous real valued funtions on X generated by
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the following presheaf (of suh funtions)
(3) U 7→
{
f(a1|U , . . . , ad|U )
∣∣ f : Rd → R of lass C∞,
a1, . . . , ad ∈ F (U)
}
where the expression f(a1|U , . . . , ad|U ) indiates, of ourse, the funtion u 7→
f(a1(u), . . . , ad(u)) on U . By a C
∞
-spae, we mean a funtionally strutured
spaeX suh that FX = FX
∞
. We then say that FX is a C
∞
-funtional stru-
ture on X . Note that smooth manifolds an be regarded as topologial spaes
endowed with a C∞-funtional struture loally isomorphi to that given by
the smooth funtions on R
n
. C∞-Spaes and their smooth mappings (C∞-
mappings, for short) form a ategory whih, for ertain purposes, is more on-
venient than the full subategory formed by smooth manifolds.
1.4 C∞-Groupoids Observe that if (X,F ) is a C∞-spae, so is (S,F |S)
for any subspae S of X ; here F |S := iS
∗
F denotes the funtional struture
on S indued by F along the inlusion iS : S →֒ X . (Reall that for an
arbitrary ontinuous mapping f : S → T into a funtionally strutured spae
(T,T ), f∗T denotes the funtional sheaf on S formed by the funtions whih
are loally the pullbak along f of funtions in T . Compare [3℄, p. 297 again.)
The indued C∞-struture (S,F |S) has the following universal property: for
any ommutative diagram of maps between C∞-spaes
(Y,G )
f ′ ))SS
SS
SS
SS
S
f // (X,F )
(S,F |S),
?
iS
OO
(4)
the map f is smooth if, and only if, the same is true of the map f ′.
Observe, next, that if (X,F ) and (Y,G ) are arbitrary funtionally stru-
tured spaes, then so is their Cartesian produt endowed with the sheaf F ⊗ G
loally generated by the funtions (ϕ⊗ ψ)(x, y) = ϕ(x)ψ(y). It follows that
(F∞ ⊗ G∞)∞ is a C∞-funtional struture on X × Y , turning this into the
produt of (X,F∞) and (Y,G∞) in the ategory of C∞-spaes. Taking the
universal property (4) into aount, one sees that the ategory of C∞-spaes
is losed under bred produts (pullbaks). Notie that when X and Y are
smooth manifolds, or when S ⊂ X is a submanifold, one reovers the orret
manifold strutures, so that all these onstrutions for C∞-spaes agree with
the usual ones on manifolds whenever the latter make sense.
We shall use the term C∞-groupoid to indiate a groupoid whose set of
objets and of arrows are eah endowed with the struture of a C∞-spae so that
all the maps arising from the groupoid struture (soure, target, omposition,
unit setion, inverse) are morphisms of C∞-spaes. The base spae X will
always be a smooth manifold in pratie, with C∞ funtional struture given
by the sheaf of smooth funtions on X . Every Lie groupoid is, in partiular, an
example of a C∞-groupoid.
Tannakian biduals and representative funtions
The omplex linear representations of a Lie groupoid G shall be regarded as
the objets of a ategory, whih shall be denoted by Rep(G) hereafter. The
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morphisms (E, ̺)→ (E′, ̺′) in Rep(G) are given by the intertwiners, i.e., those
morphisms a : E → E′ of omplex linear vetor bundles over G(0) whih are
ompatible with the given ations of G in the sense that ax′ ◦ ̺(g) = ̺
′(g) ◦ ax
∀g ∈ G(x, x′). In the ase of groups, one reovers the usual equivariant linear
maps. The familiar operations of Representation Theorydiret sum, tensor
produt, omplex onjugation, ontragredient (or dual) et.lend themselves
to an obvious generalization; one uses the orresponding standard operations
on omplex linear vetor bundles.
Let M be the base of G, and let x0 ∈M . Consider the funtor
(5) x0
∗ : Vec(M) −→ Vec, E 7→ Ex0
whih assigns eah vetor bundle E over M its bre at the point x0, and let
FG,x0 denote the omposite
(6) Rep(G)
FG
−−→ Vec(M)
x0
∗
−−−→ Vec, (E, ̺) 7→ E 7→ Ex0 .
1.5 Denition The Tannakian bidual of G is the groupoid T (G) over M
dened as follows. For eah pair of base points x, x′ ∈M , put
(7) T (G)(x, x′) := Nat⊗
(
FG,x,FG,x′
)
;
the right-hand side here denotes the set of all self-onjugate, tensor preserving
natural transformations from FG,x to FG,x′ , that is, natural transformations
λ : FG,x → FG,x′ suh that the following diagrams ommute
(8)
Ex ⊗ FxOO
≃

λ(R)⊗λ(S) // Ex′ ⊗ Fx′OO
≃

COO
≃

COO
≃

(Ex)OO
≃

λ(R) // (Ex′)OO
≃

(E ⊗ F )x
λ(R⊗S) // (E ⊗ F )x′ Cx
λ(C) //
Cx′ Ex
λ(R) // Ex′
for all R = (E, ̺), S = (F, ς) ∈ Ob Rep(G). As to the groupoid struture, the
omposition law is dened to be (λ′ · λ)(R) := λ′(R) ◦ λ(R).
1.6 Remarks T (G) is a small ategory, beause, learly, the ategory Rep(G)
possesses a small skeleton; ompare [17℄, p. 91.
From the rigidity of the tensor ategory Rep(G)that is to say, roughly
speaking, from the existene of duals in Rep(G)it follows that any tensor
preserving natural transformation FG,x → FG,x′ is neessarily an isomorphism.
Hene T (G) is really a groupoid. For the neessary explanations and a proof of
this fat, we refer the reader to [9℄, p. 117.
An objet R = (E, ̺) of the ategory Rep(G) determines a homomorphism
of groupoids over M (idential on the base manifold M)
(9) εR : T (G) −→ GL(E), λ 7→ λ(R).
We shall all εR the evaluation representation at R.
Let φ be any Hilbert metri on the (smooth, omplex) vetor bundle E. Let
ζ and ζ′ be any smooth setions of E over M . Consider the following funtion
on (the manifold of arrows of) the linear groupoid GL(E):
(10) qφ,ζ,ζ′ : GL(E)→ C, GL(E)(x, x
′) ∋ µ 7→
〈
µ · ζ(x), ζ′(x′)
〉
.
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Dene R as the olletion of all the funtions on (the set of arrows of) the
Tannakian bidual T (G) whih an be written as
(11) rR,φ,ζ,ζ′ := qφ,ζ,ζ′ ◦ εR
for some R = (E, ̺) ∈ Ob Rep(G), some Hilbert metri φ on E, and some global
setions ζ, ζ′ as above. We all the elements of R representative funtions. It
is easy to see that R is a omplex algebra of funtions on the set of arrows of
the groupoid T (G), losed under omplex onjugation. It follows that the real
and imaginary parts of any funtion in R also belong to R.
We endow the set of arrows of the groupoid T (G) with the smallest topology
making all the representative funtions ontinuous. Sine Hilbert metris exist
on any smooth vetor bundle over a paraompat base manifold, one obtains a
Hausdor topologial spae. The real valued representative funtions generate,
on this topologial spae, a funtional struture, whih we shall omplete to a
C∞-spae struture R∞ as explained in 1.3. This C∞-spae struture an be
given the following universal haraterization:
1.7 Lemma There exists a unique C∞-spae struture on (the set of
arrows of) T (G) with the following property: for eah map f : X → T (G)
from a C∞-spae (X,FX), f is a smooth mapping of C
∞
-spaes if, and
only if, the omposition
εR ◦ f : X → GL(E) is smooth ∀R = (E, ̺) ∈ Ob Rep(G).(12)
This C∞-spae struture is preisely the one dened by the representative
funtions.
Proof. We limit ourselves to heking that the C∞-spae struture dened
by the representative funtions has the indiated universal property. So, let a
map f : X → T (G) be given.
In one diretion, we have to show that the evaluation representation εR is a
smooth mapping, for eah R = (E, ̺). It will be enough to note that if φ is any
Hilbert metri on E, then the loal funtions qφ,ζi,ζj provide, when {ζi} is made
to vary over all loal frames of setions of the vetor bundle E, loal oordinate
systems on the manifold GL(E) in terms of whih any smooth funtion on the
same manifold an be expressed loally.
Conversely, let r ≡ rR,φ,ζ,ζ′ be a given representative funtion; we have
to show that (12) implies r ◦ f ∈ FX(X). This is lear, beause r ◦ f =
qφ,ζ,ζ′ ◦ εR ◦ f and qφ,ζ,ζ′ is smooth. q.e.d.
1.8 Proposition With the C∞-struture desribed above, the Tannakian
bidual T (G) of any Lie groupoid G is a C∞-groupoid.
Proof. By the preeding lemma, the smoothness of the omposition law
T (G) s×t T (G) → T (G) and of the inverse T (G) → T (G) is a onsequene of
the ommutativity of the following diagrams
T (G) s×t T (G)
εR× εR

// T (G)
εR

T (G)
εR

// T (G)
εR

GL(E) s×tGL(E)
ompos. // GL(E) GL(E)
inverse // GL(E)
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for all R = (E, ̺) ∈ Ob Rep(G). The smoothness of the other struture maps
should be lear. q.e.d.
Note that there is an obvious notion of smooth representation of a C∞-
groupoid on a smooth vetor bundle. Thus, we an make sense of the notation
Rep
(
T (G)
)
for any Lie groupoid G. Evaluation (9) denes a funtor
(13) ε : Rep(G) −→ Rep
(
T (G)
)
, R = (E, ̺) 7→ (E, εR).
It is natural to ask oneself whether this funtor is an equivalene of ategories;
between Setions 2 and 3, we shall see that the answer is armative whenever
G is proper, even though T (G) need not be isomorphi to G.
Invariane under Morita equivalenes
Given a homomorphism of Lie groupoids φ : G → H, we dene the inverse
image funtor φ∗ : Rep(H) −→ Rep(G) (whih we shall also all pullbak along
φ) as follows. Let f :M → N denote the map indued by φ on the bases of the
two groupoids.
Let S = (F, ς) be a representation of the groupoid H. The linear groupoid
GL(f∗F ) is the groupoid over M indued by the groupoid GL(F ) ⇒ N along
the base hange f :M → N . (See [20℄.) To put it dierently,
GL(f∗F ) = (f × f)∗
[
GL(F )
]
in the ategory of smooth manifolds. By the universal property of indued
groupoids, there is a unique Lie groupoid homomorphism φ∗(ς) : G → GL(f∗F )
suh that when one omposes it with the anonial homomorphism
(14) γ : GL(f∗F ) −→ GL(F )
one gets ς ◦ φ : G → GL(F ). We dene φ∗(S) :=
(
f∗F, φ∗(ς)
)
. Note that if
b : S → S′ = (F ′, ς ′) is a morphism in the ategory Rep(H) then the morphism
of vetor bundles f∗b : f∗F → f∗(F ′) intertwines the two G-ations φ∗(ς) and
φ∗(ς ′) and hene denes a morphism φ∗(S) → φ∗(S′) in the ategory Rep(G).
This onludes the desription of the funtor φ∗.
1.9 Remark By taking into aount the identity FG ◦ φ
∗ = f∗ ◦ FH, it is
straightforward to see that the inverse image funtor φ∗ determines a homo-
morphism of C∞-groupoids T (φ) : T (H) → T (G). (Compare [22℄, 24.) In
fat, the orrespondene (-) 7→ T (-) yields a funtor from the ategory of Lie
groupoids into that of C∞-groupoids.
Reall that a homomorphism of Lie groupoids φ : G → H (notations as
above) is said to be a Morita equivalene if the diagram
G(1)
(s,t)

φ(1) // H(1)
(s,t)

M ×M
f×f // N ×N
(15)
is a pullbak in the ategory of manifolds of lass C∞ and the mapping
(16) H(1) s×f M −→ N , (h, x) 7→ t(h)
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is a surjetive submersion. It is a well known fat that the pullbak funtor
φ∗ : Rep(H) −→ Rep(G) assoiated with a Morita equivalene φ : G → H is an
equivalene of ategories. For the benet of the reader and for later referene,
we shall now briey review the proof of this result.
We need a preliminary remark. Let φ, ψ : G → H be two arbitrary homo-
morphisms of Lie groupoids. Reall that a transformation θ : φ → ψ is an
ordinary natural transformation of funtors φ → ψ with the additional prop-
erty that, when regarded as a map θ : G(0) → H(1), it is smooth. For eah
representation S = (F, ς) of H, one obtains a smooth setion θ∗(S) of the ve-
tor bundle IsoM (φ
∗F, ψ∗F ) over M ≡ G(0) (in other words, an isomorphism
θ∗(S) : φ∗F ≃ ψ∗F of vetor bundles overM) by exploiting the universal prop-
erty of that bundle as the pullbak toM of the submersionGL(F )→ H(0) ×H(0)
along the smooth mapping x 7→
(
φ(x), ψ(x)
)
. The rule S 7→ θ∗(S) denes, in
fat, a natural isomorphism θ∗ : φ∗ ≃ ψ∗.
Let us go bak to our Morita equivalene φ : G → H. In order to onstrut
a quasi-inverse for the funtor φ∗, let us say φ!, it is not restritive to assume
that the base map f : M → N assoiated with φ is a surjetive submersion.
Indeed, if we take the following weak pullbak (see [20℄, pp. 123132)
P
χ

ψ // G
φ

H
θ *2
H
then the Lie groupoid homomorphisms ψ and χ are Morita equivalenes with
the property that the respetive base maps are surjetive submersions. Now,
if we prove that ψ∗ and χ∗ are ategorial equivalenes then the same will be
true of φ∗, beause, by the remarks in the previous paragraph, we have natural
equivalenes χ∗ ≃ (φ ◦ ψ)∗ ≃ ψ∗ ◦ φ∗.
Under the preeding simplifying assumption, there will be an open over
of the manifold N by open subsets Ui suh that one an nd smooth setions
αi : Ui →֒M to the mapping f .
Let a representation R = (E, ̺) ∈ Ob Rep(G) be given. One onstruts
a smooth vetor bundle φ!(E) in Vec(N), as follows. Put Ei := αi
∗E ∈
Ob Vec(Ui). Introdue the oyle of vetor bundle isomorphisms
cij : Ej |Uij
∼
→ Ei|Uij
given, for eah x ∈ Uij := Ui ∩ Uj , by the omposite linear isomorphism
(αj
∗E)x ≃ Eαj(x)
̺(g)
−−−→ Eαi(x) ≃ (αi
∗E)x, where g : αj(x) → αi(x) is the
unique arrow in G suh that φ(g) = x. From these data one an onstrut the
required vetor bundle φ!(E); the elements of its total spae are the equivalene
lasses of triples (i, x, e), with x ∈ Ui and e ∈ Eαi(x), the equivalene being
(i, x, e) ∼ (j, y, f) ⇔ x = y ∈ Uij and cij(f) = e;
the projetion onto N is given by [i, x, e] 7→ x.
An ation φ!(̺) of the Lie groupoid H on this new vetor bundle φ!(E)
an be obtained as follows. Let an arrow h : x → x′ in H be given. Choose
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indies i and i′ suh that x ∈ Ui and x
′ ∈ Ui′ . There exists a unique arrow
g : αi(x)→ αi′(x
′) suh that φ(g) = h. Then, let
φ!(̺)(g) : [i, x, e] 7→
[
i′, x′, ̺(k) · e
]
.
The pair φ!(R) :=
(
φ!(E), φ!(̺)
)
is an objet of the ategory Rep(G). We
shall leave the rest of the onstrution as an exerise.
2 The anonial homomorphism
Reall that a Lie (topologial, C∞-) groupoid G is said to be proper, when it is
Hausdor, and the ombined souretarget map
(17) (s, t) : G(1) → G(0) × G(0), g 7→ (s(g), t(g))
is proper (in the familiar sense: the inverse image of a ompat subset is om-
pat). Compare [20℄. When G is proper, every G-orbit is a losed submanifold.
Normalized Haar systems on proper groupoids are the analogue of Haar
probability measures on ompat groups. The preise denition is as follows:
2.1 Denition A normalized Haar system (on a Lie groupoid G overM) is a
family µ = {µx : x ∈M} of positive Radon measures, eah one with support in
the respetive soure bre Gx, suh that the following onditions are satised:
(i) all smooth funtions on Gx are integrable with respet to µx, that is to say,
C∞(Gx) ⊂ L1(µx);
(ii) (smoothness) for eah ϕ ∈ C∞(G(1)), the funtion Φ on M given by
x 7→ Φ(x)
def
=
∫
Gx
ϕ|Gx dµ
x
is of lass C∞;
(iii) (right invariane) for eah g ∈ G(x, y), and for all ϕ ∈ C∞(Gx), one has∫
Gy
ϕ ◦ τg dµy =
∫
Gx
ϕ dµx,
where τg : G(y, -)→ G(x, -) denotes right translation by g;
(iv) (normalization)
∫
dµx = µx(Gx) = 1, for every x ∈M .
It an be shown that every proper Lie groupoid admits normalized Haar
systems. Compare [8, 7℄.
Observe that if E is a smooth vetor bundle over the base of the groupoid
G, and ψ : G → E is a smooth mapping suh that the soure bre G(x, -) is
mapped into the vetor spae Ex for every base point x, then the integral
Ψ(x)
def
=
∫
ψ|Gx dµ
x
denes a global smooth setion Ψ to E. This follows easily from the previous
denition, by working in loal oordinates.
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One an think of any Lie groupoid G as ating on its own base manifold
M . A subset S ⊂ M will be alled invariant if G · s ⊂ S for all s ∈ S. Let
(E, ̺) be a representation of G. A partial setion ϕ : S → E, dened over
an invariant subset S ⊂ M , will be said to be equivariant with respet to ̺
if ϕ(t g) = ̺(g) · ϕ(s g) for all g ∈ G(S, S). We shall all an arbitrary partial
setion ϕ : S → E smooth, when for every m ∈ M one an nd an open
neighbourhood B ⊂ M of m and a smooth loal setion to E over B whih
restrits to ϕ on the intersetion B ∩ S.
2.2 Equivariant Extension Lemma Let G be a proper Lie groupoid,
and let M denote its base manifold. Let (E, ̺) be a representation of G.
Then, eah ̺-equivariant smooth partial setion ϕ : S → E (dened over an
invariant subset S of M) an be extended to a global ̺-equivariant smooth
setion Φ :M → E.
Proof. To begin with, we onstrut a smooth setion ψ :M → E extending
ϕ (possibly not equivariant), as follows. CoverM with a family of open subsets
{Bi} suh that for eah i there exists a smooth loal setion ϕi : Bi → E
extending ϕ. Sine M is paraompat, there is some smooth partition of unity
{fj} over M , subordinated to the given open over. Then,
ψ
def
=
∑
fjϕi(j)
is the desired global extension.
The orrespondene g 7→ ̺(g−1) · ψ(t g) yields a smooth map Ψ : G →
E, whih, for every x ∈ M , restrits to a smooth map Ψx : Gx → Ex on
the orresponding soure bre. Sine G is proper, we an x a normalized
Haar system {µx} on G. For all x, the vetor valued smooth map Ψx must be
integrable with respet to µx. Then, put
Φ(x)
def
=
∫
Ψx dµx ∈ Ex.
It an be easily heked that the resulting smooth setion Φ : M → E extends
ϕ and is equivariant with respet to ̺. q.e.d.
2.3 Proposition Let (E, ̺) and (F, ς) be representations of a proper Lie
groupoid G. Let x0 be a point of the base manifold M of G, and let G
denote the isotropy group of G at x0. Suppose that A is a G-equivariant
linear map of Ex0 into Fx0 . Then there exists a morphism of representations
a : (E, ̺)→ (F, ς) in Rep(G) suh that ax0 = A.
Proof. Let L(E,F ) be the vetor bundle over M whose bre at a generi
base point x is the vetor spae L(Ex, Fx). Given any arrow g ∈ G(x, x
′), we let
L(̺, ς)(g) denote the linear map{
λ 7→ ς(g) ◦ λ ◦ ̺(g−1)
}
: L(Ex, Fx) −→ L(Ex′ , Fx′).
The pair
(
L(E,F ),L(̺, ς)
)
is a representation of the groupoid G. Let S ⊂ M
denote the G-orbit through x0, and let ϕ : S → L(E,F ) be the map{
s 7→ ς(g) ◦A ◦ ̺(g−1)
∣∣g ∈ G(x0, s)}.
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(This is well-dened, beause A is a homomorphism of G-modules.) Note that ϕ
is a setion of L(E,F ) over S, equivariant with respet to L(̺, ς). Furthermore,
ϕ is a smooth mapping of S into L(E,F ), beause, loally about any point
s0 ∈ S, it is obtained by omposing a smooth target setion W0 →֒ G(x0, -)
(dened over a small open neighbourhood W0 ⊂ S of s0) with the smooth map
G(x0, -)→ L(E,F ) given by g 7→ ς(g) ◦A ◦ ̺(g
−1). Sine S is a submanifold of
M , it follows that ϕ is a smooth partial setion of L(E,F ).
The Equivariant Extension Lemma then provides us with a global smooth
setion a : M → L(E,F ), equivariant with respet to L(̺, ς), and extending ϕ.
The proof is now nished. q.e.d.
2.4 Denition One has a anonial homomorphism πG : G −→ T (G), dened
by setting
πG(g)(R) := ̺(g) for all R = (E, ̺) ∈ Ob Rep(G).(18)
From Lemma 1.7 and the identities ε(E,̺) ◦ πG = ̺, it follows that πG is
a homomorphism of C∞-groupoids. In fat, the anonial homomorphisms
altogether determine a natural transformation π : Id → T (-) (between funtors
from the ategory of Lie groupoids into that of C∞-groupoids).
The next theorem is the entral result of this setion. For the benet of
the reader, we shall give a self-ontained proof of this result even though the
same argument has already appeared in an earlier paper of ours
1
in a dierent
theoretial framework.
2.5 Theorem Let G be a proper Lie groupoid. Then the anonial homo-
morphism πG : G −→ T (G) is full, i.e., surjetive.
Proof. We start by proving that if the set G(x, x′) is empty then the same
is true of the set T (G)(x, x′).
Let ϕ : Gx ∪ Gx′ → C be the funtion whih takes the value one on the
orbit Gx and the value zero on the orbit Gx′. (Reall that these are losed
submanifolds.) This funtion is well-dened, beause G(x, x′) is empty. By
Lemma 2.2, there is a global invariant smooth funtion Φ extending ϕ. Being
invariant, Φ determines an endomorphism a of the trivial representation C suh
that az = Φ(z) idC for all z; in partiular, ax = id and ax′ = 0. Now, suppose
there is some λ ∈ T (G)(x, x′). Beause of the naturality of λ, the existene of
the morphism a ontradits the invertibility of the linear map λ(C).
We are therefore redued to proving that the indued isotropy group homo-
morphisms (πG)x : Gx → T (G)x are surjetive for all x. So, let x be an arbitrary
base point. As x will be xed throughout the rest of the proof, put π ≡ (πG)x
and, for any representation R = (E, ̺) of G, let πR denote the representation
of the Lie group Gx on the vetor spae Ex given by g 7→ π(g)(R). Also, let C
denote the ategory Rep(G), and F the funtor FG,x from C into the ategory of
nite dimensional omplex vetor spaes (6).
Put K ≡ Kerπ ⊂ Gx. This is a losed normal subgroup, beause it oinides
with the intersetion
⋂
KerπR over all objets R of C. On the quotient G ≡
Gx/K there is a unique (ompat) Lie group struture suh that the quotient
homomorphism Gx → G beomes a Lie group homomorphism. Every πR an
1
G. Trentinaglia, Tannaka duality for proper Lie groupoids, preprint. Posted on the
ArXiv under a dierent title.
12
be indierently thought of as a ontinuous representation of Gx or a ontinuous
representation of G, and every linear map A : F (R) → F (S) is a morphism of
G-modules if and only if it is a morphism of Gx-modules. Being ontinuous,
every πR is also smooth.
We laim there exists an objet R0 of C suh that the orresponding πR0 is
faithful as a representation of G. Indeed, by the ompatness of the Lie group
G, we an nd R1, . . . , Rℓ ∈ Ob(C) with the property that
(19) KerπR1 ∩ · · · ∩KerπRℓ = {e},
where e denotes the unit of G; ompare [4℄, p. 136. Then, if we set R0 =
R1 ⊕ · · · ⊕Rℓ, the representation πR0 will be faithful beause of the existene
of an isomorphism of G-modules
(20) F (R1 ⊕ · · · ⊕Rℓ) ≈ F (R1)⊕ · · · ⊕ F (Rℓ).
Now, every irreduible, ontinuous, nite dimensional, omplex G-module
V embeds as a submodule of some tensor power F (R0)
⊗k ⊗ (F (R0)
∗)⊗ℓ; see,
for instane, [4℄, p. 137. Sine eah π(g) is a self-onjugate, tensor preserv-
ing natural transformation, this tensor power will be naturally isomorphi to
F
(
R0
⊗k ⊗ (R0
∗)⊗ℓ
)
as a G-module and hene, for eah objet V of the at-
egory Rep(G) of all ontinuous, nite dimensional, omplex G-modules, there
will be some objet R ∈ Ob(C) suh that V embeds into F (R) as a submodule.
Next, onsider an arbitrary natural transformation λ ∈ End(F ). Let R
be an objet of the ategory C, and let V ⊂ F (R) be a submodule. The
hoie of a omplement to V in F (R) determines an endomorphism of mod-
ules PV : F (R) → V →֒ F (R), whih, by Proposition 2.3, must ome from
some endomorphism of R in C. This implies that the linear operators λ(R) and
PV on the spae F (R) ommute with one another and, onsequently, that λ(R)
maps the subspae V into itself. Hereafter, we shall omit any referene to R
and write simply λV for the linear map that λ(R) indues on V by restrition.
Note nally that, given another submoduleW ⊂ F (S) and any equivariant map
B : V →W , one has the following identity of linear maps:
(21) B ◦ λV = λW ◦B.
To prove this identity, one rst extends B to an equivariant map F (R)→ F (S)
and then invokes Proposition 2.3 one again.
Let FG denote the funtor Rep(G) −→ Vec that assigns eah G-module the
underlying vetor spae. We will now dene an isomorphism of omplex algebras
(22) θ : End(F )
∼
→ End(FG)
so that the following diagram ommutes
Gx

π // End(F )
≃ θ

G
πG // End(FG).
(23)
For eah G-module V , there exists an objet R of C together with an embedding
V →֒ F (R), so we ould dene θ(λ)(V ) as the restrition λV of λ(R) to V .
13
Of ourse, it is neessary to hek that this does not depend on the hoies
involved. Let two objets R,S ∈ Ob(C) be given, along with two equivariant
embeddings of V into F (R) and F (S) respetively. Sine it is always possible
to embed everything equivariantly into F (R⊕ S) without aeting the indued
λV , it is no loss of generality to assume R = S. Now, from the identity (21)
above, it follows that the two embeddings atually determine the same linear
endomorphism of V . This shows that θ is well-dened. The same identity
also implies that θ(λ) ∈ End(FG). On the other hand, put, for µ ∈ End(FG)
and R ∈ Ob(C), µF (R) := µ(F (R)). Then µF ∈ End(F ) and θ(µF ) = µ,
beause of the existene of embeddings of the form V →֒ F (R) and beause
of the naturality of µ. This shows that θ is surjetive, and also injetive sine
λ(R) = θ(λ)(F (R)). Finally, it is straightforward to hek that (23) ommutes.
In order to onlude the proof, it will be enough to hek that θ indues a
bijetion between End⊗(F ) and End⊗(FG), for then our laim that π is sur-
jetive will follow immediately from the ommutativity of (23) and the lassial
Tannaka duality theorem for ompat groups (whih says that πG establishes
a bijetion between G and End⊗(FG); see, for example, [12℄ or [4℄). This an
safely be left to the reader. q.e.d.
2.6 Denition We all a Lie groupoid G reexive, when the orresponding
anonial homomorphism πG is an isomorphism of C
∞
-groupoids.
2.7 Theorem Suppose G is proper. Then, the anonial homomorphism
πG : G −→ T (G) is an isomorphism of topologial groupoids if, and only if,
it is faithful (i.e., injetive).
Proof. The only thing we have not yet proved is that when πG is faithful,
for any open subset Γ (of the manifold of arrows) of the groupoid G and for
any point g ∈ Γ, the image πG(Γ) is a neighbourhood of πG(g) in (the spae of
arrows of) the groupoid T (G).
We start by showing that there exists a representation R = (E, ̺) of G,
and an open ball P ⊂ GL(E) entred at ̺(g), suh that ̺−1(P ) ⊂ Γ. Suppose
g ∈ G(x, x′). By one of the remarks we made in the ourse of the proof of
Theorem 2.5, there is a representation R = (E, ̺) whose assoiated isotropy
homomorphism ̺x : Gx → Aut(Ex) is faithful. The restrition of suh a repre-
sentation to the subset G(x, x′) is injetive. Fix a dereasing sequene
· · · ⊂ Pi+1 ⊂ Pi ⊂ · · · ⊂ P1
of open balls in GL(E) onverging to ̺(g). Put
Σi := ̺
−1
(
Pi
)
− Γ.
The sets Σi form a dereasing sequene of losed subsets of the manifold of
arrows of G, with empty intersetion. By the properness of G, there exists some
i suh that Σi = ∅. This proves the laim.
With this information at hand, we an onlude at one by the surjetivity
of πG (Theorem 2.5). Indeed, on the one hand, we have
πG(g) ∈ εR
−1(P ) = πG πG
−1 εR
−1(P ) = πG
(
̺−1(P )
)
⊂ πG(Γ).
On the other hand, εR
−1(P ) is already known to be open. q.e.d.
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The following lemma is a diret onsequene of a more general statement
whih will be proved in the next setion.
2.8 Lemma Let G be a Lie groupoid, and let ̺ : G → GL(E) be a
representation of G. Let Γ be an open subset (of the manifold of arrows)
of G. Suppose that for some pair of base points x, x′, the representation ̺
restrits to an injetion on the subset Γ(x, x′) := Γ ∩ G(x, x′). Then ̺ is an
immersion on some open neighbourhood of the same subset.
Proof. This is the speial ase of Lemma 3.8 (see the next setion) where
H = G, H′ = G′ = Γ′ = GL(E), ρ = ρ′ = identity, and ψ = ̺. q.e.d.
We shall say that a Lie groupoid G has enough representations, when for
eah base point x and for eah g ∈ G(x, x′) with g 6= x, there exists some
representation ̺ : G → GL(E) suh that ̺(g) 6= idEx . Then, we have the
following haraterization of reexivity for proper Lie groupoids:
2.9 Theorem A proper Lie groupoid is reexive if and only if it possesses
enough representations.
Proof. The existene of enough representations implies that the anonial
homomorphism is faithful and hene that it indues, in view of Theorem 2.7, a
homeomorphism between the (spae of arrows of the) given proper Lie groupoid
G and (that of) the orresponding Tannakian bidual T (G). Thus, it will sue
to show that πG is a loal isomorphism of C
∞
-spaes.
Let g ∈ G(x, x′) be given. As it was already observed in the proof of
Theorem 2.7, we an nd R = (E, ̺) ∈ Ob Rep(G) suh that the restrition
̺x,x′ : G(x, x
′) → Iso(Ex, Ex′) is injetive. Then, by Lemma 2.8, ̺ indues a
dieomorphism ̺|Γ : Γ ≃ ̺(Γ) between an open neighbourhood Γ of g in G and
a submanifold ̺(Γ) of the linear groupoid GL(E). Now, put Ω ≡ πG(Γ). We
know that πG |Γ : Γ → Ω is a homeomorphism and a C
∞
-mapping. Moreover,
we know that the evaluation representation εR|Ω : Ω → GL(E) indues a C
∞
-
mapping from Ω onto εR(Ω) = ̺(Γ). Hene, (πG |Γ)
−1 = (̺|Γ)
−1 ◦ εR|Ω is also
a C∞-mapping, from Ω onto Γ. This nishes the proof. q.e.d.
This is a good point to disuss some examples. Atually, we start with a
ounterexample [15, 22℄, whih shows that not every proper Lie groupoid is re-
exive. This ounterexample makes it lear that the lassial duality theorem
of Tannaka annot be generalized to proper Lie groupoids, at least in the frame-
work of representations on vetor bundles.
2
Reall that a bundle of (ompat)
Lie groups is a (proper) Lie groupoid whose soure and target map oinide.
2.10 Example: a bundle of ompat Lie groups not having enough
representations We start by onstruting, for any Lie group H and any
automorphism χ ∈ Aut(H), a (loally trivial) bundle of Lie groups with bre
H over the unit irle S1, hereafter denoted by H [χ].
As a topologial spae, H [χ] is dened to be the quotient of the Cartesian
produt R×H indued by the equivalene relation
(24) (t, h) ∼ (t′, h′) ⇔ t′ − t ∈ Z and h′ = χt
′−t(h).
2
One an dene a notion of representation on a more general type of linear bundle whih
makes this generalization possible, though. Compare [22℄.
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The bundle bration H [χ] → S1 is indued by the map (t, h) 7→ exp(2πit). In
terms of representatives of equivalene lasses, the omposition law is given by
[t′, h′] · [t, h] :=
[
t′, h′χt
′−t(h)
]
.
(
Dened when t′ − t ∈ Z.
)
(25)
As to the dierentiable struture, onsider the open over of S1 given by the two
open intervals I = (0, 1) and J =
(
− 12 ,
1
2
)
(more preisely, the images thereof
under the exponential map). One has two orresponding smoothly ompatible
loal trivializing harts for H [χ]→ S1, namely
(26)
{
H [χ]I
∼
→ I ×H , given by [t, h] 7→ (exp(2πit), h), 0 < t < 1, and
H [χ]J
∼
→ J ×H , given by [t, h] 7→ (exp(2πit), h), − 12 < t <
1
2 .
These harts determine the dierentiable struture. The transition mapping is
given by the identity over (0, 1/2) and by the dieomorphism (z, h) 7→
(
z, χ(h)
)
over (1/2, 1). So H [χ] will not be globally trivial, in general.
We proeed to onsider the following speial ase. Take H := T2 to be the
two-torus. Fix an arbitrary integer ℓ ∈ Z, and onsider the map
(27) χℓ : T
2 → T2 given by (a, b) 7→ (a, aℓb);
χℓ is an automorphism of the Lie group T
2
(its inverse being χ−ℓ).
It is a nie exeriseinvolving only some elementary knowledge of the rep-
resentation theory of Lie groupsto show that (provided ℓ 6= 0) the image of
the following embedding of bundles of Lie groups over S1
(28) φℓ : S
1 × T1 →֒ T2[χℓ], (exp(2πit), b) 7→ [t, (1, b)]
is ontained in the kernel of every representation of the Lie groupoid H [χ]. In
fat, one an say more. Consider the following map
(29) ψℓ : T
2[χℓ]։ S
1 × T1, [t, (a, b)] 7→ (exp(2πit), a).
This is an epimorphism of bundles of Lie groups over S1. Its kernel is preisely
the image of the embedding φℓ. Then, it is easy to show that the pullbak along
ψℓ yields an isomorphism of representation ategories
(30) ψℓ
∗ : Rep
(
S1 × T1
) ≃
−−−−−→ Rep
(
T2[χℓ]
)
over the base manifold S1, i.e., ompatible with the two anonial forgetful
funtors into Vec(S1). Sine two isomorphi (or even equivalent) representation
ategories over the same base manifold must be regarded, for all purposes of
any reasonable duality theory, as indistinguishable, one is led to the onlusion
that there annot be any proedure by means of whih one an possibly reover
the groupoids T2[χℓ], ℓ 6= 0.
After this ounterexample to reexivity, let us turn our attention to some
positive examples.
2.11 Example: transitive proper Lie groupoids Reall that a Lie group-
oid G is said to be transitive when the ombined souretarget map
(31) (s, t) : G(1) −→ G(0) × G(0), g 7→ (s(g), t(g))
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is a surjetive submersion. Any transitive proper Lie groupoid is Morita equiva-
lent to a ompat Lie group; see, for instane, [20℄. It is an easy exerise, in view
of the remarks about Morita equivalenes at the end of the preeding setion,
to show that any suh groupoid is reexive.
2.12 Example: ation groupoids assoiated with ompat Lie group
ations For eah smooth (left) ation of a Lie group G on a manifold M ,
there is a Lie groupoid G⋉M with base M , alled the ation (or translation)
groupoid assoiated with the given ation of G on M . One takes the Cartesian
produt G×M as the manifold of arrows, the projetion (g, x) 7→ x as the
soure, the group ation (g, x) 7→ gx as the target, and the operation
(32) (g′, x′)(g, x) = (g′g, x)
as the omposition law. Any ation groupoid K ⋉M assoiated with a smooth
ation of a ompat Lie group K on a manifold M is reexive. Indeed, if V is
any faithful K-module, in other words, any faithful representationK →֒ GL(V )
on a nite dimensional vetor spae V , then we get a orresponding faithful
representation of the groupoid K ⋉M on the trivial vetor bundle M × V :
(33) (k, x) 7→
{
(x,v) 7→ (kx, k · v)
}
.
2.13 Example: soure-proper étale Lie groupoids Reall that a Lie
groupoid is said to be étale, if its soure and target map are étale, that is,
loal smooth isomorphisms. We shall say that a Lie groupoid is soure-proper,
whenever the orresponding soure map is proper.
For any soure-proper étale Lie groupoid G, one has the orresponding reg-
ular representation (R, ̺) = (RG , ̺G) ∈ ObRep(G), dened as follows. For eah
base point x, let ℓ(x) :=
∣∣s−1(x)∣∣ denote the ardinality of the respetive soure
bre (whih is a nite set, as a onsequene of the fat that, by our hypotheses
on G, the soure must be a loally trivial map with disrete bres). Then put
(34) Rx := C
0
(
s−1(x);C
)
≈ Cℓ(x).
The loal identiations RU ≈ U × C
ℓ
obtained in the obvious way from the
loal trivializations GU ≈ U × {1, . . . , ℓ} for the soure map of G provide a
onvenient atlas of loal trivializing harts for the vetor bundle R. Dene
̺(g) : Rx → Rx′ as f 7→ ̺(g)(f) := f(- g).
(
where g ∈ G(x, x′).
)
(35)
This ation of G on R is smoothbeause in any loal trivializing harts it
looks like a onstant permutationand, of ourse, faithful.
2.14 Example: eetive orbifolds For any smooth manifold M , let ΓM
denote the groupoid over M whose arrows x→ x′ are the germs of loal dieo-
morphisms in M mapping x to x′. If G is an étale Lie groupoid overM , one has
a anonial homomorphism of groupoids G → ΓM over M , the so-alled eet
of G, dened by sending any arrow g to the germ of loal smooth isomorphism
assoiated with a suiently small open neighborhood of g in the manifold of
arrows of G. An eetive Lie groupoid is, by denition, an étale Lie groupoid
whose eet is faithful. Compare [20℄.
For any étale Lie groupoid, one has a representation on the tangent bundle of
the respetive base manifold, the tangent representation, obtained by assigning
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every arrow g the dierential of the eet of g at the point s(g). In the proper,
eetive ase, the tangent representation an easily be shown to be faithful. For
a proof of this fat, we refer the reader to Setion 28 of [22℄.
3 Representative harts
The ounterexample to reexivity presented in the previous setion (Example
2.10) motivates the following
3.1 Denition We shall say that a Lie groupoid G is parareexive, if the
Tannakian bidual T (G) is a Lie groupoid and the anonial homomorphism
πG : G → T (G) is a surjetive submersion.
Let us point out a ouple of diret onsequenes of this denition. First of
all, the ategories of representations of any parareexive Lie groupoid and of the
orresponding Tannakian bidual are the same, in view of the following result
(whih we antiipated in Setion 1):
3.2 Proposition Let G be a Lie groupoid whose assoiated anonial
homomorphism πG is full, i.e., surjetive. Then the evaluation funtor
ε : Rep(G) −→ Rep(T (G)), R = (E, ̺) 7→ (E, εR)
is an isomorphism, having the pullbak πG
∗
for inverse.
Proof. Trivial. q.e.d.
Seondly, the bidual of any parareexive Lie groupoid must be a reexive
Lie groupoid. This follows from Proposition 3.2 and the remark that if
Rep(G)
FG

≃
Φ
// Rep(H)
FH

Vec(M) Vec(M)
is an isomorphism (more generally, an equivalene) between the representation
ategories of two Lie groupoids over the same base manifold M , then there is
a orresponding C∞-isomorphism φ : T (H)→ T (G), whih, in the speial ase
H ≡ T (G), Φ ≡ ε, will provide a C∞-inverse for πT (G). (Compare [22℄, 24.)
In the present and in the next setion, we shall delve into the property
of parareexivity for proper Lie groupoids. It is our purpose to obtain, for
suh groupoids, an expliit neessary and suient ondition for parareexiv-
ity, hopefully a diret generalization of the haraterization of reexivity we
obtained in the preeding setion (Theorem 2.9).
To motivate the next denition, let us onsider any parareexive, proper Lie
groupoid G. By the properness of G, we know (from the proof of Thm. 2.5,
for instane) that for any pair x, x′ of base points there exists a representation
R = (E, ̺) of G suh that the orresponding evaluation representation εR :
T (G) → GL(E) restrits to an injetion on the subset T (G)(x, x′). Under
the assumption that G is parareexive, Lemma 2.8 implies that the smooth
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representation εR is an immersion in the viinity of the same subset. Thus,
any given arrow of the bidual T (G) will have an open neighbourhood Ω (in the
manifold of arrows of the same groupoid) suh that εR indues a diffeomorph-
isma fortiori, a bijetiononto a submanifold R(Ω) := εR(Ω) of the manifold
of arrows of the linear groupoid GL(E).
3.3 Denition Let G be a proper Lie groupoid. We shall all representative
hart (for the bidual of G) any pair (Ω, R) onsisting of an open subset Ω of the
spae of arrows of the groupoid T (G) and an objet R = (E, ̺) ∈ Ob Rep(G)
suh that εR : T (G) → GL(E) indues a bijetive orrespondene between Ω
and a submanifold of the manifold of arrows of the linear groupoid GL(E).
3.4 Remark This notion is tailor-made for proper Lie groupoids. By suitably
modifying it, one an generalize some of the results belowProp. 3.7, for in-
staneto arbitrary Lie groupoids. We shall refrain from doing this here. For
the general theory, we refer the reader to Chapter V of [22℄.
In order to make Denition 3.3 more plausible, we proeed to show that,
in fat, for any representative hart (Ω, R) the bijetion εR : Ω
∼
→ R(Ω) :=
εR(Ω) is a homeomorphism. From the onsiderations preeding Denition 3.3,
it will follow that when G is parareexive, the map λ 7→ λ(R) must indue a
dieomorphism between Ω and a submanifold R(Ω) of GL(E). This justies
the name of hart.
3.5 Lemma Suppose that G is proper. Let (E, ̺) be a representation of
G, and let Γ be an open subset of (the manifold of arrows of) G suh that
the image Σ ≡ ̺(Γ) is a submanifold of (the manifold of arrows of) GL(E).
Then the restrition of ̺ to Γ is a submersion onto Σ.
Proof. To begin with, we observe that the map Σ → M indued by the
soure map of GL(E) by restrition is a submersion. Indeed, for eah σ ∈ Σ,
let us say σ = ̺(γ) with γ ∈ Γ, there exists some smooth loal soure setion
U → Γ, dened over a neighbourhood U of the base point x ≡ s(γ), sending
x 7→ γ; hene, upon omposing with ̺, we obtain also a smooth loal soure
setion U → Σ sending x 7→ σ.
Fix now γ ∈ Γ, and put σ ≡ ̺(γ). Let x ≡ s(γ). By the preeding remark,
there exist, in some open neighbourhoods Γ(γ) ⊂ Γ of γ and Σ(σ) ⊂ Σ of σ,
trivializing harts for the soure map (on Γ and Σ respetively). In suitably
hosen suh harts, the restrition of ̺ will take the following form:
U × Rm ≈ Γ(γ)
̺|Γ(γ)
−−−−−−−→ Σ(σ) ≈ U × Rn, (u,x) 7→
(
u,y(u,x)
)
(for some open neighbourhood U of x in M). If we an show that the partial
map x 7→ y(x,x) is submersive at zero, we are learly done. To this end, we
proeed to hek that the restrition
̺|G(x,-) : G(x, -) −−−→ ̺
(
G(x, -)
)
is a submersion (at γ now generi) onto a submanifold of GL(E).
Choose any open subset U ′ ⊂ M , with x′ ≡ t(γ) ∈ U ′, small enough to
ensure that a loal G-equivariant hart G(x, S) ≈ S ×G (where G denotes
the isotropy group of G at x) an be found over S ≡ (G · x) ∩ U ′. It is no
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loss of generality to assume that γ orresponds to (x′, e) in this hart (e being
the unit of G). We obtain a smooth setion s 7→ (s, e)
≈
7→ g 7→ ̺(g) to the
target map of GL(E) over S. Next, observe that the isotropy homomorphism
̺x : G → GL(Ex) indued by ̺ fators through the quotient K ≡ G/Ker̺x.
The losed Lie subgroup K →֒ GL(Ex) and the target setion S →֒ GL(E) an
be ombined into an embedding S ×K →֒ GL(E) losing the diagram
S ×G

≈ // G(x, S)
̺

S ×K
  //____ GL(E).
The proof is now evidently nished, beause G(x, S) = G(x, -) ∩ t−1(U ′) and
̺
(
G(x, S)
)
= ̺
(
G(x, -)
)
∩ t−1(U ′). q.e.d.
Now, if we make Γ ≡ (πG)
−1(Ω), we have ̺(Γ) = R(Ω), beause of the
identity εR ◦ πG = ̺ and beause of the surjetivity of πG (Theorem 2.5). On
the other hand, Lemma 3.5 tells us that ̺ : Γ → R(Ω) is a submersion. The
bijetion εR : Ω
∼
→ R(Ω) is therefore an open mapping and hene, being also
ontinuous, it must be a homeomorphism.
3.6 Remarks (a) Given two isomorphi objets R ≈ S in the ategory
Rep(G), the pair (Ω, R) is a representative hart for the bidual of G if, and only
if, the same is true of the pair (Ω, S).
(b) Let (Ω, R) be a representative hart for the bidual of G. Then, for eah
open subset Ω′ ⊂ Ω, the same is true of the pair (Ω′, R). (This is a onsequene
of the result that εR : Ω→ R(Ω) must be a homeomorphism.)
A rst step in the diretion of an eetive haraterization of parareexivity
in the proper ase is represented by the following
3.7 Proposition Let G be a proper Lie groupoid. Then the Tannakian
bidual T (G) is a Lie groupoid if, and only if, the following two onditions
are satised:
(i) the domains of representative harts over the spae of arrows of the
bidual groupoid T (G), i.e., for eah arrow λ in T (G) there exists a
representative hart (Ω, R) with λ ∈ Ω;
(ii) if (Ω, R) is a representative hart, the same is true of (Ω, R⊕ S) for
any other representation S of G.
Before we embark into the proof of this proposition, we need to establish a
tehnial lemma (ompare Lemma 2.8).
3.8 Lemma Let ρ : G → H, ρ′ : G′ → H′, and ψ : H → H′ be homo-
morphisms of Lie groupoids over a manifold M . (It is understood that they
are idential on M .) Let Γ, resp., Γ′ be an open subset of (the manifold
of arrows of) G, resp., G′ suh that the image Σ ≡ ρ(Γ), resp., Σ′ ≡ ρ′(Γ′)
is a submanifold of (the manifold of arrows of) H, resp., H′. Suppose, in
addition, that the indued maps Γ→ Σ and Γ′ → Σ′ are open.
Assume that ψ sends Σ into Σ′, and let ψΣ : Σ →֒ Σ
′
be the indued
map. Put Σ(x, y) := Σ ∩H(x, y), and let σ ∈ Σ(x, y). Suppose nally that
ψ is injetive on Σ(x, y). Then ψΣ is an immersion at σ.
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Proof. By reasoning as we did in the rst half of the proof of Lemma 3.5,
we are redued to showing that the restrition
ψ|Σ(x,-) : Σ(x, -) −→ Σ
′(x, -) (where Σ(x, -) := Σ ∩H(x, -) et.)(36)
is an immersion at σ (note that Σ(x, -) ⊂ Σ and Σ′(x, -) ⊂ Σ′ are submani-
folds, beause, as we observed at the beginning of the proof of Lemma 3.5, the
restrition of the soure map of H, resp., H′ to Σ, resp., Σ′ is a submersion).
The Lie groupoid homomorphism ρ indues a homomorphism ρx : Gx → Hx
between the isotropy groups at x. By fatoring out the kernel of ρx, we obtain
a Lie subgroup η : G →֒ Hx, where G ≡ Gx/Kerρx. It is not hard to see that,
from our assumptions, it follows that there exist an open neighbourhood A of
the unit e in G and a smooth target setion τ : Z → H(x, -) dened over a
submanifold Z ⊂M ontaining y with τ(y) = σ, suh that the mapping
(37) τ · η : Z ×A →֒ H(x, -), (z, a) 7→ τ(z) · η(a)
denes an open embedding of Z ×A onto some open neighbourhood of σ in
Σ(x, -), in other words, a loal parametrization for Σ(x, -) in the viinity of σ
by the parameter set Z ×A. (More details an be found in [22℄, 22.)
With respet to any two (onveniently hosen) loal parametrizations of
the form (37), let us say, τ · η : Z ×A →֒ Σ(x, -) in the viinity of σ and
τ ′ · η′ : Z ′ ×A′ →֒ Σ′(x, -) in the viinity of σ′, the restrition of ψ reads
(38) Z ×A→ Z ′ ×A′, (z, a) 7→ (z, a′(z, a)).
Thus, we are further redued to showing that the partial map a 7→ a′(y, a) on
A is an immersion at the unit e ∈ G. (Note that this map is injetive, by
assumption.) Consider the following ommutative diagram:
Hx Hx
ψx // H′x H′x
H(x, y)
τ(y)−1·
OO
ψx,y // H′(x, y)
ψ(τ(y))−1·
OO
A
?
η
OO
{y} ×A
 ?
τ ·η
OO
// {y} ×A′
 ?
τ ′·η′
OO
A′
?
η′
OO
The bottom map in this diagram is preisely a 7→ a′(y, a). Now, it is not
diult to see that there is a unique Lie group homomorphism φ : G → G′
suh that η′ ◦ φ = ψx ◦ η. Sine φ agrees with a 7→ a
′(y, a) on A, it must be
immersive, beause so must be any Lie group homomorphism whih is injetive
in a neighbourhood of e. Hene a 7→ a′(y, a) is immersive at e. q.e.d.
3.9 Corollary Under the same assumptions as in Lemma 3.8, suppose, in
addition, that ψΣ is a homeomorphism of Σ onto Σ
′
. Then the same map
is atually a dieomorphism between Σ and Σ′. q.e.d.
Proof of Proposition 3.7. (Neessity.) Let T (G) be a Lie groupoid. The
assertion that Condition (i) is satised is atually the ontent of the remarks
preeding Denition 3.3.
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As to Condition (ii), let any representative hart (Ω, R) be given, with R =
(E, ̺), and let S = (F, ς) be an arbitrary representation of G. To begin with,
we observe that the evaluation representation εR⊕S injets Ω into GL(E ⊕ F );
indeed, sine λ(R ⊕ S) = λ(R)⊕ λ(S) for all λ in T (G), we have that εR⊕S
fators through the submanifold (in fat, embedded subgroupoid)
(39) GL(E)×M×M GL(F ) →֒ GL(E ⊕ F ), (µ, ν) 7→ µ⊕ ν
via the map λ 7→
(
εR(λ), εS(λ)
)
, whih must be injetive on Ω, beause, by
hypothesis, so is εR. From this observation and from Lemma 3.8, it follows
that εR⊕S is an immersion on Ω. We ontend that εR⊕S atually indues a
homeomorphism between Ω and a subspae of GL(E ⊕ F ); one this is proved,
it will follow that (R⊕ S)(Ω) is a submanifold of GL(E ⊕ F ). Now, let an
open subset Ω′ ⊂ Ω be given. Fix an arbitrary open subset Λ′ ⊂ GL(E) with
R(Ω) ∩ Λ′ = R(Ω′) (suh subsets exist beause Ω and R(Ω) are homeomorphi
via εR). Then our ontention follows at one from the identity
(R⊕ S)(Ω) ∩
(
Λ′ ×M×M GL(F )
)
= (R ⊕ S)(Ω′).
(Suieny.) Suppose the two onditions (i) and (ii) are satised. We laim
that when (Ω, R) is an arbitrary representative hart, the map εR establishes
a C∞-isomorphism between the C∞-spae (Ω,R∞|Ω) (see Setion 1) and the
submanifold X ≡ R(Ω) of the linear groupoid GL(E).
We know that εR|Ω : Ω → X is a C
∞
-mapping, beause the evaluation
representation εR : T (G)→ GL(E) is a C
∞
-homomorphism. (Lemma 1.7.)
The smoothness of the inverse bijetion (εR|Ω)
−1 : X → Ω is less obvious.
We have already proved that this is a homeomorphism. Now, reall our notation
(10, 11) from Setion 1. Suppose r ≡ rS,ψ,η,η′ ∈ R
∞(Ω), and let f be the unique
funtion on X suh that f ◦ εR = r. We want to show that f ∈ C
∞(X). Sine
f = qψ,η,η′ ◦ εS ◦ (εR|Ω)
−1
, it will be enough to show that εS ◦ (εR|Ω)
−1
is a
smooth mapping from X into GL(F ). Note that the groupoid
(40) GL(E)
prE←−−−−−− GL(E)×M×M GL(F )
prF−−−−−−→ GL(F )
is the produt of GL(E) and GL(F ) in the ategory of Lie groupoids overM ; in
partiular, the projetions prE and prF are homomorphisms of Lie groupoids
over M . We have the following ommutative diagram
(R ⊕ S)(Ω)
≈ homeomorphism

  eR,S // GL(E)×M×M GL(F )
prE

Ω
εR⊕S
66nnnnnnnnnnnnnn εR // X = R(Ω) 

submanifold // GL(E),
where we dene eR,S as the map whose omposition with the embedding (39)
equals the inlusion of (R ⊕ S)(Ω) into GL(E ⊕ F ). Now, by Condition (ii),
(Ω, R⊕ S) is a representative hart. In partiular, (R⊕ S)(Ω) is a submani-
fold of GL(E ⊕ F ) and, onsequently, of the produt groupoid (40). Put
Γ ≡ πG
−1(Ω). By the surjetivity of πG (Theorem 2.5) and Lemma 3.5, the
maps
(̺⊕ ς)|Γ : Γ −→ (R⊕ S)(Ω) and ̺|Γ : Γ −→ R(Ω)
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must be open (in fat, submersive) surjetions. Then we an apply Corollary
3.9 with ψ ≡ prE , G
′ ≡ G, ρ ≡ (̺, ς) (that is, the unique Lie groupoid homo-
morphism of G into (40) whih omposed with (39) yields ̺⊕ ς), ρ′ ≡ ̺, and
Γ′ ≡ Γ, in order to onlude that the transition homeomorphism in the pre-
eding diagram is in fat a dieomorphism. This implies the smoothness of the
map εS ◦ (εR|Ω)
−1 : X → GL(F ), as it is lear from the ommutativity of
(R⊕ S)(Ω) 
 eR,S
(smooth)
// GL(E)×M×M GL(F )
prF

X
(trans. dieo.)
−1
66nnnnnnnnnnnnnn (εR|Ω)−1 // Ω
  εS //
εR⊕S
OO
GL(F ).
From Condition (i), it follows that R∞ makes T (G) a smooth manifold
and that for eah representative hart (Ω, R) the restrition εR|Ω indues a
dieomorphism of Ω onto R(Ω). Finally, it is not diult to see, by using
the remark at the beginning of the proof of Lemma 3.5 one again and the
surjetivity of πG , that the soure map of the groupoid T (G) is a submersion.
This ompletes the proof that T (G) is a Lie groupoid. q.e.d.
Our (provisional) haraterization of the property of parareexivity for
proper Lie groupoids is the following improvement on Proposition 3.7:
3.10 Proposition (Parareexivity I) A proper Lie groupoid is parare-
exive if, and only if, the spae of arrows of the respetive Tannakian bidual
an be overed with domains of representative harts.
Proof. We begin by proving that the ondition (ii) of Proposition 3.7 is
superuous, i.e., satised by any proper Lie groupoid G.
We need a general remark about submersions rst. Suppose we are given a
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where f is a submersion onto X , f ′ is smooth, and s is any map making the
triangle ommute. Then s is smooth. In partiular, when also f ′ is a surjetive
submersion, s must be a dieomorphism whenever it is bijetive.
Let a representative hart (Ω, R) be given, in whih, let us say, R = (E, ̺),
and let S = (F, ς) be any representation of G. Put Γ ≡ (πG)
−1(Ω). We know
that ̺ indues a submersion of Γ onto a submanifold X ≡ R(Ω) of GL(E).
Then, in (41), take f to be the restrition ̺|Γ : Γ→ R(Ω), f
′
to be the map
(̺, ς)|Γ : Γ −→ GL(E)×M×M GL(F ), g 7→ (̺(g), ς(g)),
and s to be
(εR, εS) ◦ (εR|Ω)
−1 : R(Ω) −→ GL(E)×M×M GL(F ).
By our remark about submersions, s is a smooth setion to the projetion prE
(40) and hene, in partiular, it must be an immersion. We ontend that s is
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an embedding of manifolds; from this, it will follow that (R,S)(Ω) = s(R(Ω))
is a submanifold of the produt groupoid (40) and hene that (Ω, R⊕ S) is a
representative hart. Now, for eah open subset Λ of GL(E), we have
s
(
R(Ω) ∩ Λ
)
= s(R(Ω)) ∩
(
Λ ×M×M GL(F )
)
.
Thus, the map s is an open, one-to-one orrespondene between R(Ω) and the
subspae s(R(Ω)) of the produt groupoid (40). Our ontention is proven.
To nish the proof, we need to show that πG is a submersion. (Reall
Denition 3.1.) By the ondition (i), this follows easily from Lemma 3.5 and the
remark that for any representative hart (Ω, R) the bijetion εR|Ω : Ω ≃ R(Ω)
must be a dieomorphism. q.e.d.
4 Main riterion for the smoothness of the bi-
dual
The present setion is a ontinuation of the preeding one. Here, we derive an
expliit, algebrai haraterization of parareexivity for proper Lie groupoids
(no longer involving the notion of representative hart), whih is to provide a
ounterpart to Theorem 2.9. We onlude with some examples.
Let G be a Lie groupoid over a manifold M . We say that a submanifold
X ⊂M is a slie at x ∈ X , if the orbit immersion Gx →֒M is transversal to X
at x. A submanifold S ⊂ M will be alled a slie, if it is a slie at eah point
s ∈ S. Note that if X is a submanifold of M , and g ∈ GX := s−1(X), then X
is a slie at x = s(g) if, and only if, the intersetion GX ∩ t−1(x′), x′ = t(g)
is transversal at g. From this remark, it follows that for eah submanifold X ,
the subset of all points at whih X is a slie forms an open subset of X . If a
submanifold S is a slie, then the intersetion s−1(S) ∩ t−1(S) is transversal, so
that the restrition G|S is a Lie groupoid over S; moreover, G · S is an invariant
open subset of M .
For a proof of the following theorem, we refer the reader to the original paper
by Zung [24℄. We also mention here an earlier paper by Weinstein [23℄, whih
overs the regular ase.
Loal Linearizability Theorem (N. T. Zung) Let G be a proper Lie
groupoid. Let x be a base point whih is not moved by the standard ation
of G on its own base.
Then there exists a ontinuous linear representation G→ GL(V ) of the
isotropy group G ≡ Gx on a nite dimensional vetor spae V suh that,
for some open neighbourhood U of x, one an nd an isomorphism of Lie
groupoids G|U ≈ G⋉ V whih makes x orrespond to zero. 
From this theorem, it follows that any proper Lie groupoid is, loally in the
viinity of eah base point, Morita equivalent to an ation groupoid assoiated
with some linear representation of a ompat Lie group.
We proeed to reall the anonial ation of an isotropy group on the normal
spae to the orresponding orbit [23, 24℄.
Let G be a Lie groupoid over a manifoldM . Consider the isotropy group Gm
at a base point m ∈ M . Given any element g ∈ Gm, hoose an arbitrary loal
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bisetion σ : U → G, t ◦ σ : U
∼
→ U ′ with σ(m) = g, and then take the tangent
map Tm(t ◦ σ) : TmM → TmM . Sine t ◦ σ maps the orbit Om = G ·m into
itself, this tangent map indues a well-dened endomorphism of the quotient
(42) T˜mM
def
= TmM/TmOm.
We observe that this endomorphism does not depend on the hoie of σ: to see
this, x any deomposition of the tangent spae Tg G ≈ Tg(G
m)⊕ TmM , so
that Tg s orresponds to the projetion onto the seond fator, and note that
the image under Tg t of Tg(G
m) is preisely TmOm. We therefore obtain a well-
dened (learly ontinuous) Lie group ation µm : Gm −→ GL
(
T˜mM
)
. We put
(43) Km
def
= Kerµm
and all this (losed, normal) subgroup of Gm the ineetive part of Gm.
Our next task will be to prove the following:
4.1 Proposition Let G be proper. Let ̺ : G → GL(E) be a representation
on a vetor bundle E over the base M of G. For every base point m ∈ M ,
the two onditions below are equivalent:
(a) Dm := Ker
[
̺m : Gm → GL(Em)
]
is ontained in the ineetive part
Km of Gm;
(b) there exists an open neighbourhood U ⊂ M of m suh that the image
XU := ̺
(
G|U
)
is a submanifold of GL(E).
In (b), we an in fat assume U to be invariant i.e. G · U = U .
Notation: We let X = ̺(G) denote the full image, so that XU = X ∩ GL(E)|U
is an open subset.
By the Loal Linearizability Theorem, it is not restritive to assume that
there exists a linear slie S for G at the given base pointm, suh that G · S = M .
The proposition will then be an immediate onsequene of Proposition 4.7 below
and the following ouple of lemmas:
4.2 Lemma Let φ : H → G be a Morita equivalene of Lie groupoids.
Let ̺ be a representation of G on a vetor bundle E. For any base points
n0 of H and m0 = φ(n0) of G, the indued isomorphism of isotropy groups
φn0 : Hn0
≈
−→ Gm0 establishes a bijetion between the respetive ineetive
subgroups, and between the kernels of the isotropy representations (φ∗̺)n0 :
Hn0 → GL
(
[φ∗E]n0
)
and ̺m0 : Gm0 → GL(Em0).
4.3 Lemma Under the same assumptions as in the previous lemma, the
image Y = Im(φ∗̺) is a submanifold of GL(φ∗E) if and only if X = Im ̺ is
a submanifold of GL(E).
Proof of Lemma 4.2. At the level of base manifolds, the tangent map
Tn0φ : Tn0N → Tm0M indues a linear isomorphism of T˜n0N onto T˜m0M
whih φn0 -intertwines the ations of Hn0 and Gm0 on the latter spaes. In
partiular, the kernels of the two ations are sent into eah other by the group
isomorphism φn0 .
On the other hand, the anonial linear isomorphism [φ∗E]n0 ≃ Eφ(n0) =
Em0 is φn0 -equivariant with respet to the group ations (φ
∗̺)n0 and ̺m0 .
q.e.d.
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Proof of Lemma 4.3. To begin with, observe that it is no loss of generality to
assume φ to be a surjetive submersion H։ G, N ։M . Indeed, as we already
pointed out in Setion 1, there always exist Morita equivalenes ψ and χ with
this property from a third Lie groupoid P into G and H respetively suh that
ψ = φ ◦ χ up to some natural transformation of Lie groupoid homomorphisms.
One then has an isomorphism ψ∗̺ ≈ χ∗φ∗̺ of representations of P .
Let γ : GL(φ∗E) → GL(E) be the homomorphism assoiated with the
anonial vetor bundle map φ∗E → E over φ : N →M . From the surjetivity
of φ : H → G, it follows that Y = γ−1(X). Sine γ itself must be a surjetive
submersion, we onlude at one that X is a submanifold if and only if so is
Y . q.e.d.
Study of the linear ase
We let G = G⋉ V throughout, where G
µ
−→ GL(V ) is a ontinuous linear ation
of a ompat Lie group G on a nite dimensional real vetor spae V .
Let K denote Ker
[
G
µ
−→ GL(V )
]
, and, for eah v ∈ V , let Gv ⊂ G denote
the isotropy subgroup at v. As usual, Kv ⊂ Gv will denote the ineetive part
of Gv. Note that K0 = K ⊂ Kv for all v.
Let ̺ : G⋉ V → GL(Ck) be any Lie groupoid representation, where Ck =
V × Ck is the trivial rank k vetor bundle over V . By anonially identifying
GL(Ck) to V × V ×GL(k,C), we write ̺ in omponents as follows:
(44) ̺(g, v) =
(
v, g · v,̺(g, v)
)
where g · v = µ(g)(v). For eah v ∈ V , we let ̺v : Gv → GL(k,C) be the map
g 7→ ̺(g, v). We put Dv = Ker ̺v ⊂ Gv and D = D0 ⊂ G.
4.4 Lemma Dv = D ∩Gv for eah v.
Proof. Let 0 6= v ∈ V be given. Let L = 〈v〉 = {tv|t ∈ R} be the line
through v. Sine the ation G
µ
−→ GL(V ) on V is R-linear, Gv = Gtv for all
t 6= 0. This immediately implies that the restrition
(45) Gv × L ⊂ G× V
̺
−→ GL(k)
is an isotopy through representations Gv → GL(k) (note by ontrast that ̺
need not be an isotopy in general). Sine all the representations belonging to
suh an isotopy must have the same kernel, we get Dv = D ∩Gv. q.e.d.
4.5 Lemma Let N ⊂ K ∩D ⊂ G be a losed subgroup, normal in G, and
put G˜ = G/N . Let µ˜ : G˜ → GL(V ) be the indued ation. Then there is a
(unique) Lie groupoid representation ˜̺ : G˜⋉ V → GL(Ck) suh that
G⋉ V
pr×V

̺ // GL(Ck).
G˜⋉ V
e̺
66n
n
n
n
n
n
(46)
Proof. If a mapping of sets exists making (46) ommute, it will neessarily be
smooth beause so is ̺ and beause pr × V is a surjetive submersion. Moreover,
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the same map will be a homomorphism of groupoids. Now, it is straightforward
to hek that the presription
(47) ˜̺(g˜, v)(v, ξ) = (g · v,̺(g, v)ξ) for all (v, ξ) ∈ V × Ck
is well denedthanks to Lemma 4.4. q.e.d.
Suppose the image X = ̺(G) ⊂ GL(Ck) is a submanifold. Then we know
from Lemma 3.5 that G
̺
−→ X is a (surjetive) submersion.
Assume for a moment that the group G is onneted. Then X is a onneted
manifold and therefore the dimension of the bres of the submersion ̺ is onstant
over X . Hene, putting xv = ̺(e, v) ∈ X for eah v ∈ V , where e denotes the
unit of the group G, we see that dim(D ∩Gv) = dim ̺
−1(xv) = dim ̺
−1(x0) =
dimD for all v. Sine D ∩ Gv is a losed subgroup of D, this implies that the
identity omponent D(e) of D is ontained in Gv. Thus
(48) D(e) ⊂
⋂
v∈V
Gv = K.
For a nononneted G, it will be enough to onsider the restrition ̺(e) of ̺ to
G(e) ⋉ V , where G(e) denotes the identity omponent of G, and observe that
the ondition (48) for ̺ is implied by the analogous ondition for ̺(e).
The foregoing reasonings show that (48) is a neessary ondition in order
for the image of ̺ to be a submanifold of GL(Ck). However, this ondition is
not suient: take for example G = Z/2 = {±1} ating on V = R by salar
multipliation, and ̺ trivial.
Consider the intersetion K ∩D ⊂ G. This is a losed normal subgroup of
G and hene we an apply Lemma 4.5 with N = K ∩D. Note that, in view
of (48), the image D˜ of D under the quotient map G → G˜ = G/(K ∩ D) is a
nite subgroup of G˜. Moreover, one has K˜ ∩ D˜ = {1} where K˜ is the image of
K in G˜. Sine Im ̺ = Im ˜̺ in (46), we may aordingly assumewithout loss
of generalitythe following to hold:
(49) D nite, D ∩K = {e}.
The niteness assumption on the kernel D of the isotropy representation
̺0 : G → GL(k) implies at one the injetivity of the Lie algebra map Te̺0 :
TeG → End(C
k). The matrix of the dierential of the mapping (44) of G× V
into V × V ×GL(k) at the point (e, 0) is of the form
(50)
idV 0∗ ∗
∗ Te̺0

.
Sine ̺ : G → X is a submersion, the injetivity of the dierential D̺ (e, 0) :
T(e,0)G → Tx0X shows that ̺ is a loal dieomorphism at (e, 0). We ontend
that the same is true at eah point (d, 0) with d ∈ D. Now, (g, v) 7→ (d · g, v)
denes a dieomorphism of G× V into itself, mapping (e, 0) to (d, 0). Similarly,
(51) (v, v′, λ) 7→
(
v, d · v′,̺(d, v′) ◦ λ
)
denes an automorphism of V × V × GL(k) whih leaves the submanifold X
invariant and xes the point x0 = ̺(e, 0) = (0, 0, Ik) ∈ X . The mapping (44)
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intertwines these two automorphisms. Our laim follows at one by taking the
orresponding tangent maps.
For eah d ∈ D, we hoose an open neighbourhood Γd of (d, 0) in G suh
that ̺ restrits to a dieomorphism between Γd and an open neighbourhood
Ud = ̺(Γd) of x0 in X . We may assume the Γd to be pairwise disjoint. If we
put U = ∩
d∈D
Ud, we see that for eah x ∈ U the bre ̺
−1(x) ⊂ G ontains
at least |D| distint points. On the other hand, for eah v ∈ V the bre
̺−1(xv) = D ∩Gv an at most ontain |D| points. Sine the map v 7→ xv of
V into X is ontinuous, and sine U is a neighbourhood of x0, it follows that
D ⊂ Gv for all v suiently lose to zero and therefore for all v (reall that
Gtv = Gv for t 6= 0). Thus,
D ⊂ D ∩
⋂
v∈V
Gv = D ∩K = {e}.
Summing up, we have shownnow in full generalitythat a neessary on-
dition for the image of ̺ to be a submanifold of GL(Ck) is that
(52) D ⊂ K.
This ondition proves to be also suient. Indeed, if the inlusion (52) holds,
we an apply Lemma 4.5 with N = D and then observe that the representation˜̺ is globally faithful and hene maps G˜⋉ V onto a submanifold of GL(Ck), in
view of the following lemma:
4.6 Lemma Let G be a proper Lie groupoid, and let ̺ : G → GL(E)
be a representation. Suppose that ̺ is faithful. Then the image ̺(G) is a
submanifold of GL(E).
Proof. To begin with, we observe that for any given arrow g in G, and for
eah neighbourhood Γ of g, there is an open neighbourhood P of ̺(g) in GL(E)
suh that ̺−1(P ) ⊂ Γ. This an be seen as in the proof of Theorem 2.7.
By Lemma 2.8, eah arrow g admits an open neighbourhood Γg suh that
̺ indues a smooth isomorphism between Γg and a submanifold of GL(E).
One an then hoose an open neighbourhood Pg ⊂ GL(E) of ̺(g) suh that
̺−1(Pg) ⊂ Γg. For any given pair x, x
′
of base points, put Γx,x′ ≡
⋃
̺−1(Pg),
the union being taken over all g ∈ G(x, x′). We laim that ̺ indues a smooth
isomorphism between Γx,x′ and a submanifold of GL(E). By onstrution, ̺
restrits to an immersion of Γx,x′ into GL(E). For eah g ∈ G(x, x
′),
̺(Γx,x′) ∩ Pg = ̺
(
̺−1(Pg)
)
is an open subset of the submanifold ̺(Γg) ⊂ GL(E), beause ̺ is a smooth
isomorphism of Γg onto ̺(Γg). Sine the open sets Pg over ̺(Γx,x′) as g ranges
over G(x, x′), ̺(Γx,x′) is a submanifold of GL(E). Moreover, sine ̺ is a loal
smooth isomorphism of Γx,x′ onto ̺(Γx,x′), it will be a global dieomorphism
provided it is injetive on Γx,x′. Now, ̺(γ
′) = ̺(γ) implies γ′, γ ∈ ̺−1(Pg) ⊂ Γg
for at least one g and therefore γ′ = γ, beause ̺ is injetive over Γg.
Finally, one appliation of the usual properness argument will yield open
neighbourhoods B ∋ x and B′ ∋ x′ inM suh that the set G(B,B′) is ontained
in Γx,x′. This essentially nishes the proof. q.e.d.
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Putting everything together, we onlude
4.7 Proposition A representation ̺ : G⋉ V → GL(Ck) maps G⋉ V
onto a submanifold of GL(Ck) if, and only if, the kernel of its isotropy
representation at zero ats ineetively on V .
4.8 Remark The ondition (52) implies Dv ⊂ Kv for all v ∈ V (notation
introdued before Lemma 4.4). Indeed, by Lemma 4.4, if D ⊂ K then
Dv = D ∩Gv ⊂ K ∩Gv ⊂ Kv.
The Main Criterion and its appliation to the regular ase
A representative hart of the form
(
T (G)|U , R
)
will be said to be diagonal.
4.9 Lemma For G proper, T (G) is smooth if, and only if, for eah base
point m there exists a diagonal representative hart at m.
Proof. (Suieny.) Let λ ∈ T (G)(m,m′) be given. We want to onstrut
a representative hart (Ω, R) in a neighbourhood Ω of λ. Choose g ∈ G(m,m′)
with π(g) = λ (Theorem 2.5) and a loal bisetion σ : U →֒ G, t ◦ σ : U
∼
→ U ′
with σ(m) = g. It is not restritive to assume there exists a diagonal represen-
tative hart
(
T (G)|U , R
)
. Then we an take Ω = T (G)(U,U ′), for we have the
following ommutative diagram:
G(U,U ′)
π // T (G)(U,U ′)
εR // GL(E)(U,U ′)
G|U
π //
≈ σ-
OO
T (G)|U
εR //
≈ (π◦σ)-
OO
GL(E)|U
≈ (̺◦σ)-
OO
(where R = (E, ̺), and where σ- et. stand for left multipliation in the appro-
priate sense).
(Neessity.) By a ompatness argument, we an nd a nite set of repre-
sentative harts (Ωi, Ri) overing the isotropy group T (G)|m. Put R ≡
⊕
iRi,
where, let us say, R = (E, ̺). Sine T (G) is smooth by assumption, it follows
that eah (Ωi, R) is a representative hart as well, by Proposition 3.7. By taking,
if neessary, a larger R, we an also assume that the evaluation representation
εR is faithful on T (G)|m. As in the proof of Lemma 4.6, one an then show
that for eah λ ∈ Ωi ∩ T (G)|m there exists some open ball Pλ ⊂ GL(E) en-
tred at εR(λ) suh that εR
−1(Pλ) ⊂ Ωi. Put Ω ≡
⋃
λεR
−1(Pλ). Again as in
the above-mentioned proof, one an hek that (Ω, R) is a representative hart.
This evidently nishes the proof of the lemma. q.e.d.
4.10 Theorem (Main Criterion for smoothness) Let G be a proper
Lie groupoid. In order that also the Tannakian bidual T (G) may be a Lie
groupoid, it is neessary and suient that for eah base pointm there exists
a representation ̺ : G → GL(E) whose assoiated isotropy representation at
m has ineetive kernel:
(53) Ker
[
̺m : G|m → GL(Em)
]
⊂ Km.
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Proof. (Suieny.) Let us x a representation R = (E, ̺) suh that εR
injets T (G)|m into GL(E). Of ourse, then Ker ̺m ⊂ Km (by our assumption)
and therefore, by Proposition 4.1, there exists an open neighbourhood U of m
suh that εR
(
T (G)|U
)
= ̺
(
G|U
)
is a submanifold of GL(E).
All we still lak in order to get a diagonal representative hart at m is the
injetivity of the map εR on a (possibly smaller) neighbourhood of T (G)|m of
the same form. It is learly enough to show that we an nd a linear slie S at
m suh that εR is injetive on eah isotropy group in T (G)|S . We may therefore
assume that ̺ is, for some ompat Lie group G, a representation of some
linear ation groupoid G⋉ V on a (trivial) vetor bundle over V . Any other
representation of the groupoid G will indue a representation ̺′ of G⋉ V with
Ker ̺′0 ⊃ Ker ̺0. If Ker ̺v ⊂/ Ker ̺
′
v were true for some v ∈ V then, by Lemma
4.4, Ker̺0 ⊂/ Ker ̺
′
0 would also be true: ontradition. Hene Ker ̺
′
v ⊃ Ker ̺v
for all v. This shows the required injetivity.
(Neessity.) Let
(
T (G)|U , R
)
be an arbitrary diagonal representative hart
at m, and let R = (E, ̺). Then, by denition, ̺
(
G|U
)
= εR
(
T (G)|U
)
is a
submanifold of GL(E) and, therefore, (53) follows from Proposition 4.1. q.e.d.
Let us all a representation ̺ : G → GL(E) eetive at m when the in-
lusion (53) holds. We shall say that G has enough eetive representations
if the ondition in the statement of Theorem 4.10 is satised. Then our nal
haraterization of parareexivity for proper Lie groupoids reads:
4.11 Theorem (Parareexivity II) A proper Lie groupoid is parareexive
if and only if it possesses enough eetive representations. q.e.d.
We shall now give an immediate appliation of the preeding riterion. Reall
that a Lie groupoid G over a manifold M is said to be regular when the anhor
map ρ : g → T M of the Lie algebroid of G [20℄ has loally onstant rank
as a morphism of vetor bundles over M . If G is regular then the image of
the anhor map ρ is a subbundle of the tangent bundle of M whih is also
integrable and hene determines a foliation of M . By a result of Moerdijk
[19℄, any regular Lie groupoid G over M ts into a short exat sequene of Lie
groupoid homomorphisms over M
(54) 1→ B →֒ G ։ F → 1
where B is a bundle of onneted Lie groups, F is a foliation groupoid and ։
is a submersion with onneted bres. Observe that, being ։ idential on the
base M , the epimorphism of isotropy groups Gm ։ Fm that ։ indues at any
base point m ∈ M will arry the anonial ation of Fm on the normal spae
(42) to the anonial ation of Gm on the same spae; in partiular, an arrow in
Gm will be ineetive if, and only if, so is its image in Fm.
4.12 Corollary For an arbitrary regular proper Lie groupoid G, the
Tannakian bidual T (G) is a Lie groupoid.
Proof. We laim there exists a representation of G whose kernel is preisely
the ineetive part of the isotropy of G. By the foregoing remarks, we an
assume that G is a foliation groupoid.
Reall that any foliation groupoid is Morita equivalent to an étale groupoid
[20, 8℄. On the other hand, the ondition (53) in our riterionmore orretly,
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the property of existene of a representation satisfying that ondition at eah
base pointis immediately seen to be stable under passage to a Morita equiva-
lent groupoid (Lemma 4.2). Also reall that if E is an arbitrary étale groupoid
then there is a anonial short exat sequene of groupoids over the base of E
(55) 1→ K →֒ E ։ E˜ → 1
in whih E˜ is an eetive étale groupoid and K is preisely the ineetive part of
E . The groupoid E˜ is alled the eet of E ([20℄ p. 136). Now, it only remains to
observe that eah proper eetive étale groupoid possesses a anonial faithful
representation on the tangent bundle to the base manifold, namely the tangent
representation. For details, see [22℄, Prop. 28.4. q.e.d.
4.13 Examples in low orbit odimensions We mention, without proof,
the following result (to appear). Let G be any Lie groupoid over a manifold M .
We dene the orbit odimension of G to be the integer
(56) dimM/G := sup
x∈M
dim
R
(
T˜xM
)
,
the notation being as in (42). One an then show that for any proper Lie
groupoid G, dimM/G ≦ 2 implies G parareexive (the only nontrivial ase here
is when dimM/G = 2). In partiular, any proper Lie groupoid over a two
dimensional base manifold must be parareexive. 
4.14 Open problem So far, we have not been able to nd any example of a
proper Lie groupoid whih is not parareexive. We know (from 4.13) that for
any suh groupoid, the dimension of the orresponding base manifold must be
at least three.
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